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Abstract
A class of special holonomy spaces arise as nilmanifolds fibred over a line interval and
are dual to intersecting brane solutions of string theory. Further dualities relate these
to T-folds, exotic branes, essentially doubled spaces and spaces with R-flux. We develop
the doubled geometry of these spaces, with the various duals arising as different slices
of the doubled space.
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1 Introduction
Nilmanifolds are compact spaces obtained by quotienting a nilpotent Lie group by a discrete
subgroup. The 3-dimensional one obtained from the Heisenberg group is referred to as the
nilfold, and is T-dual to a 3-torus with H-flux. It is not a solution of string theory, but it
appears as the fibre in a 4-dimensional hyperka¨hler space which is a bundle over a line interval,
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and so can be incorporated into string theory in this way [1, 2, 3]. This case and its duals
were explored in detail in [4]. This has an interesting generalisation to special holonomy spaces
which arise as higher dimensional nilmanifolds fibred over a line [5], giving spaces of holonomy
SU(3), SU(4), G2 and Spin(7). In [6], the solutions of [5] were generalised and, when combined
with a Minkowski space factor, shown to be dual to intersecting brane solutions. In [4, 6] it
was also seen that further, dualities take these to T-folds [7, 8] and to locally non-geometric
spaces with R-flux.
The doubled formalism of [7] provides a unified framework for treating all of these duals. The
doubled space incorporates the original space and all of its T-duals. The various different duals
arise by choosing different ‘polarisations’ which select which half of the doubled coordinates are
to be regarded as spacetime coordinates and which half are to be viewed as auxiliary winding
coordinates. If the solution does not depend on the winding coordinates in a given polarisation,
the solution can be projected down to a spacetime solution, at least locally. If not, then,
following [9], we refer to such solutions as essentially doubled. Spaces with R-flux are of this
kind. T-duality can be viewed as changing the polarisation, and so changing which half of the
doubled space is to be viewed as spacetime.
String theory in such doubled spaces was developed in [7]-[13] and the case of the doubling
of group manifolds, twisted tori and nilmanifolds was first developed in [14, 15, 16, 17, 18].
String theory can be formulated as a world-sheet theory of maps from a world-sheet into such a
doubled space [7]-[13]. The choice of polarisation and the consequent quotient can be obtained
by a gauging of the doubled sigma model [8]. The doubled sigma model for group manifolds,
twisted tori and nilmanifolds was developed in [14, 16, 17] and the case of the 3-dimensional
nilfold was analysed in detail in [16, 17]. For essentially doubled spaces, there is no way of
projecting from the doubled formalism to a conventional string theory, and the doubled sigma
model is then indispensible.
Our aim here is to apply the framework of [16, 17] to the nilmanifolds of [5] and to extend
this to the string solutions that arise from fibring the nilmanifolds over a line. We double the
nilmanifolds but leave the line undoubled (there are no winding modes on the line). In this way,
we develop a formalism that works for all the duals, including the essentially doubled ones.
Instead of working with the doubled sigma model, we could adopt a spacetime approach
and use a formulation in terms of double field theory [19]-[22]. The same doubled geometry
will arise as a double field theory configuration, and the choice of polarisation will correspond
to a choice of solution of a non-linear version of the section constraint. The double field theory
aspects will be discussed elsewhere.
2
2 Scherk-Schwarz Reductions and the Doubled Formal-
ism
Dimensional reduction on a group G has been well-studied. Using a Scherk-Schwarz ansatz
[23], the dependence of fields on the internal coordinates is given by a G transformation and
leads to a consistent truncation to a lower dimensional field theory; see [24, 25] for details
of the Scherk-Schwarz dimensional reduction of the N=1 supergravity action. However, for
non-compact G this does not give a compactification, and considering the full theory on such
a non-compact space gives a continuous spectrum without a mass gap. In [25] it was argued
that in order to lift the Scherk-Schwarz dimensional reduction to a proper compactification of
the full string theory, it is necessary to instead consider compactification on a compact space
G/Γ with Γ a discrete subgroup. A discrete subgroup that gives a compact quotient is said to
be cocompact, and so this construction in string theory is restricted to groups G that admit a
cocompact subgroup.
Lie groups G that are nilpotent necessarily admit a cocompact subgroup and the resulting
quotient N = G/Γ is referred to as a nilmanifold. A Lie group G is nilpotent if the Lie algebra
g of G satisfies
[X1, [X2, [· · · [Xp, Y ] · · · ]] = 0 (2.1)
for all X1, · · · , Xp, Y ∈ g, for some integer p. For a nilpotent Lie group G, the smallest such
p is known as the nilpotency class of G and G is then called a p-step nilpotent Lie group. A
nilmanifold N = G/Γ is the compact space given by the quotient of a nilpotent group G by a
cocompact discrete subgroup Γ. For a d-dimensional 2-step nilpotent Lie group G with centre
of dimension n, the nilmanifold is a T n bundle over Tm where m = d − n. For example, the
3-dimensional Heisenberg group G3 has a centre of dimension n = 1 and the quotient is known
as the nilfold and is an S1 bundle over T 2. Nilmanifolds are sometimes referred to as twisted
tori.
The Lie algebra generators Tm satisfy an algebra
[Tm, Tn] = fmn
pTp (2.2)
and the left-invariant one-forms Pm are
g−1dg = PmTm. (2.3)
Then the general left-invariant metric on G is
ds2 = xmnP
mP n, (2.4)
where xmn is a constant symmetric matrix, and descends to a metric on the nilmanifold N =
G/Γ if Γ is taken to act on the left. Here xmn will be chosen as xmn = δmn so the metric is
ds2 = δmnP
mP n. (2.5)
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The standard theory of gravity coupled to a 2-form gauge field B with field strength H = dB
and dilaton Φ in D dimensions has action
S =
∫
e−2Φ
(
R ∗ 1−
1
2
dΦ ∧ ∗dΦ−
1
2
H ∧ ∗H
)
. (2.6)
The Scherk-Schwarz reduction of this for a group G is given in [24, 25]. In the abelian case
G = U(1)d, this gives a theory with 2d gauge fields, d from the metric and d from the B-
field, and gauge group G = U(1)2d. There are d2 scalar fields taking values in the coset
O(d, d)/O(d)×O(d) in addition to the dilaton and the field theory in D− d dimensions has an
O(d, d) global symmetry. For non-abelian G, the reduction gives a gauging of this theory, with
gauge group G⋉Rd with algebra
[Tm, Tn] = fmn
pTp, [Tm, T˜
n] = fmp
nT˜ p, [T˜m, T˜n] = 0 (2.7)
where the factor G generated by Tm comes from the isometries of the group manifold generated
by left-invariant vector fields and the abelian factor generated by T˜m comes from the B-field
symmetries. This can be thought of as a gauging of a 2d-dimensional subgroup of O(d, d). In
addition, there is now a potential for the d2 + 1 scalar fields. Conditions for the potential to
have a Minkowski space critical point for an important class of cases were found in [26]; for
generic groups G, Minkowski space in D − d dimensions will not be a solution, but there will
typically be domain wall solutions.
The Scherk-Schwarz reduction gives a truncation to a D − d dimensional field theory. This
can be lifted to a compactification of the full supergravity or string theory if G admits a co-
compact subgroup Γ. Then the full string theory or supergravity theory can be compactified on
G/Γ and this gives the same D−d dimensional effective field theory but lifts to a compactifica-
tion of the full supergravity or string theory. A 2-step nilmanifold is a T n bundle over Tm, and
this reduction can be regarded as compactification on T n followed by a reduction with duality
twists on Tm, with a monodromy round each circle in Tm that is a large diffeomorphism of T n,
in SL(n,Z); this is then a compactification with duality twists [26].
For superstring theory, D = 10 and (2.6) is the action for the massless graviton, dilaton and
B-field of the type I, type II or heterotic superstring. In this case, there is an interesting set
of nilpotent groups G such that the resulting supergravity theory in 10− d dimensions has no
Minkowski vacuum but has supersymmetric domain wall solutions [5]. These each then lift to
10-dimensional solutions on B × R1,r where R1,r is (r + 1)-dimensional Minkowski space with
r = 8− d and B is G× R or N × R [5]. Remarkably, as the domain wall was supersymmetric,
the metric on B must have special holonomy, with the holonomy group determined by the
number of supersymmetries [5]. For example for the Heisenberg group with N the nilfold, the
four-dimensional space B is hyperka¨hler. These cases were further analysed in [6] and we will
focus on these examples in this paper. The 10-dimensional space B × R1,r then incorporates
the nilmanifold into a string solution.
In [6], the T-duals of these solutions were considered. In each case, T-dualities took the
nilmanifold to a torus T d with H-flux. These T-dualities acting on the special holonomy domain
4
wall solution B×R1,r resulted in a configuration of intersecting NS5-branes, preserving exactly
the same amount of supersymmetry. Other T-dualities took these solutions to non-geometric
backgrounds, including T-folds and spaces with R-flux.
These duals can thought of as follows. If the dimension of the centre ofG is n, the nilmanifold
is a T n bundle over Tm, but in each of the cases we will consider it can also be regarded as a
T r bundle over T s for some r > n with s = d − r, and we will take the maximal choice of r.
For example, the 3-dimensional nilfold can be regarded as a T 2 bundle over S1. The original
nilmanifold compactification can be regarded as compactification on T r followed by a reduction
with duality twists on T s, with a monodromy round each circle in T s that is in SL(r,Z). There
is an O(r, r,Z) group of T-dualities acting on the T r fibres, and an O(r, r,Z) transformation
will take this to a twisted reduction in which the monodromy round each circle in T s is now a
transformation in O(r, r,Z). On T-dualising to a torus T d with H-flux, the monodromies all
consist of shifts of the B-field. Other T-dualities take it to cases in which the monodromies are
T-dualities in O(r, r,Z), giving a T-fold [7].
These duals can be represented in a doubled formalism, in which the torus fibres T r are
replaced with fibres that are given by a doubled torus T 2r, with an extra r coordinates con-
jugate to the string winding modes on T r. The O(r, r,Z) monodromies act geometrically as
diffeomorphisms of the doubled torus T 2r, so that a geometric T 2r bundle over T s is obtained.
This doubled solution can be thought of as a universal space containing all T-duals: different
T-dual solutions are obtained by choosing different polarisations, that is by choosing different
splittings of the 2d coordinates into d coordinates that are to be regarded as the coordinates
of a spacetime and d coordinates that are to be regarded as conjugate to winding numbers.
T-duality can then be thought of as changing the polarisation [7, 16]. This is worked out in
detail for the nilfold in [16].
T-duality on the T s base is less straightforward and gives results that are not geometric
even locally and are sometimes said to have R-flux. The metric of the nilmanifold N depends
explicitly on the coordinates xi of the T s base. T-duality takes the coordinate xi of the i’th
circle to the coordinate x˜i of the dual circle, and so takes the original x-dependent solution to
one dependent on the dual coordinate x˜i [16, 27]. The monodromy round the original circle
transforms to monodromy round the dual circle [16, 27]. This was shown to give the correct
T-duality in asymmetric orbifold limits in [27]. In such cases, the explicit dependence of the
solution on x˜i in general means there is no way of extracting a conventional background from
the doubled one: it is essentially doubled.
In [16], a doubled formulation of all these dualities was proposed. Instead of just doubling the
torus fibres, all d dimensions were doubled to give a space which is a 2d dimensional nilmanifold.
The Lie algebra (2.7) is that of G = G⋉Rd, with group manifold given by the cotangent bundle
T ∗G of G. This is itself a nilpotent group, and taking the quotient by a cocompact subgroup
Γˆ gives a compact nilmanifold M = G/Γˆ. This is referred to as the doubled twisted torus.
The different choices of polarisation select the different dual backgrounds. This was checked in
detail in [16] for the nilfold. Our purpose here is to extend that to each of the nilmanifolds of
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[5], constructing the doubled geometry onM = G/Γˆ, and extracting the various dual solutions.
Then the special holonmy space B = N ×R is doubled to Bˆ =M×R – there is no motivation
to double the non-compact direction R as there is no winding mode and no T-duality for this
direction.
3 The Doubled Nilmanifold
We now review the construction of doubled nilmanifolds of [16]. For a nilmanifold G/Γ, the
doubled group is the cotangent bundle G = T ∗G of G, which is a Lie group G = G ⋉ Rd with
Lie algebra (2.7), which we write as
[TM , TN ] = tMN
PTP . (3.1)
where M,N = 1, . . . , 2d. The natural metric on the cotangent bundle is a metric ηMN of
signature (d, d) invariant under G and so G is a subgroup of O(d, d).
On G, there are two sets of globally-defined vector fields, the left-invariant vector fields,
KM , and the right-invariant vector fields, K˜M . The left-invariant vector fields generate the
right action GR, while the right-invariant vector fields generate left action GL. The left-invariant
one-forms PM , dual to left-invariant vector field KM , can be written as
g−1dg = PMTM (3.2)
and satisfy the Maurer-Cartan equations
dPM +
1
2
tNP
MPN ∧ PP = 0. (3.3)
We introduce a left-invariant metric and three-form on G constructed from the left-invariant
one-forms, given by
ds2 = MMNP
M ⊗ PN , (3.4)
K =
1
3!
tMNPP
M ∧ PN ∧ PP , (3.5)
whereMMN is a constant symmetric positive definite matrix and tMNP = tMN
QηQP , and tMNP
is totally antisymmetric. The matrixMMN parameterizes the coset space O(d, d)/O(d)×O(d)
and represents the moduli of the internal space which become scalar fields in 10−d dimensions
on compactification.
If Γ′ is a cocompact subgroup of G, taking the quotient gives a compact space M = G/Γ′.
If we take Γ′ to have a left action g → γg, then the left-invariant 1-forms PM , the metric (3.4)
and 3-form (3.5) descend to well-defined 1-forms, metric and 3-form on the quotient M.
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3.1 The Sigma Model Formulation
In [16], a doubled sigma model was formulated for maps from a 2-dimensional world-sheet Σ
to the doubled space M. These maps pull back the one-forms PM to one-forms PˆM on Σ.
Introducing a 3-dimensional space S with boundary ∂S = Σ and extending the maps to S, the
sigma model is given by
SM =
1
4
∮
Σ
MMNPˆ
M ∧ ∗PˆN +
1
2
∫
S
Kˆ, (3.6)
where Kˆ is the pull-back of K to S and ∗ is the Hodge dual on Σ. This theory is subjected to
the constraint
PˆM = ηMPMPN ∗ Pˆ
N , (3.7)
which implies that half the degrees of freedom are right-moving on Σ and half are left-moving.
This constraint can be imposed in a number of ways; in [16] it was imposed by choosing a
polarisation and then gauging to project to a quotient space.
3.2 Polarisation and Section Condition
A polarisation is a projector that projects the tangent space of G into a physical subspace which
is to be tangent to the subspace of the doubled space that is to be regarded as the physical
spacetime. Different choices of polarisation select different dual backgrounds. We introduce
a projector ΠmM (with m,n = 1, ...., d) mapping onto a d-dimensional subspace of the 2d
dimensional tangent space ofM, which is totally null (maximally isotropic) with respect to the
metric ηMN , i.e.
ηMNΠmMΠ
n
N = 0. (3.8)
Introducing such a projector at the identity element of the group manifold then defines one
everywhere through the group action; in a natural frame, the projector is then constant over
the manifold [7]. The complementary projector 1 − Π is denoted by Π˜mM . The polarisation
splits the tangent space into two halves, and we will consider the case in which the frame
components ΠmM are locally constant, i.e. there is a constant matrix Π
m
(α)M in each patch Uα
of G, but there can be different polarisation matrices in different patches.
A vector V M is then projected into
V m = ΠmMV
M , Vm = Π˜mMV
M . (3.9)
It is useful to introduce the notation
V Mˆ =
(
V m
Vm
)
= ΘMˆNV
N , (3.10)
where
ΘMˆN =
(
ΠmN
Π˜mN
)
, (3.11)
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so that the polarisation can be seen as choosing a basis for the tangent space.
The polarisation projects the generators TM into two sets, Zm and X
m:
Zm ≡ Π˜mMη
MNTN , X
m ≡ ΠmMη
MNTN . (3.12)
The Lie algebra (3.1) then takes the form
[Zm, Zn] = fmn
pZp +KmnpX
p, [Xm, Xn] = Qp
mnXp +RmnpZp,
[Xm, Zn] = fnp
mXp −Qn
mpZp, (3.13)
for some tensors Kmnp, fmn
p, Qp
mn, Rmnp, often referred to as fluxes, obtained by projecting the
structure constants tMN
P with Π, Π˜. Different choices of polarisation will give different forms
for these fluxes.
3.3 Recovering the Physical Space
For a given polarisation, we introduce coordinates XM = (xm, x˜m) by writing a general group
element as
g = h˜h, (3.14)
where
h = exp(xmZm), h˜ = exp(x˜mX
m). (3.15)
with Zm, X
m the projected generators (3.12) defined with respect to the given polarisation.
The action of h(x) on the generators TM = (Zm, X
m) defines an x-dependent vielbein VM
N(x)
by
h−1TMh = VM
NTN . (3.16)
Then defining
Φ = ΦMTM = h˜
−1dh˜+ dhh−1, (3.17)
the left-invariant forms can be written as
P = PMTM = Φ
MVM
N(x)TN . (3.18)
We define one-forms ℓ˜m, ℓ˜m, r
m, rm, q˜m by
h˜−1dh˜ = ℓ˜mZm + ℓ˜mX
m, dhh−1 = rmZm + rmX
m, (3.19)
and
q˜m = rm + ℓ˜m. (3.20)
A generalized metric which depends on the coordinates xi only is defined by
HMN (x) =MPQV
M
PV
Q
N . (3.21)
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Acting with a polarisation tensor ΘMˆ
M gives
HMˆNˆ(x) = ΘMˆ
MHMN(x)Θ
N
Nˆ , (3.22)
whose components define a metric gmn and B-field Bmn by
HMˆNˆ(x) =
(
gmn +Bmpg
pqBqn Bmpg
pn
gmpBnp g
mn
)
. (3.23)
The metric gmn(x) and B-field Bmn(x) depend only on the x
i coordinates. The physical metric
is given by [16]
ds2 = gmn(x)r
mrn. (3.24)
The physical H-field strength is given by [16]
H = dB −
1
2
d (rm ∧ q˜m) +
1
2
K . (3.25)
If the R-tensor Rmnp vanishes, the Xm generate a subgroup G˜ ⊂ G
[Xm, Xn] = Qp
mnXp. (3.26)
Then the generalized metric HMN(x), the metric gmn, the B-field Bmn and the 3-form field
strength H are all invariant under the left action of G˜. The reduction to the physical subspace
is then obtained by taking a quotient by the left action of G˜. In the sigma model, this is
achieved by gauging the action of G˜. On eliminating the worldsheet gauge fields, one obtains a
standard sigma model whose target space G/G˜ has coordinates x and the metric and H given
above.
If the R-tensor is not zero, then the model will depend explicitly on both x and x˜. In this
case, the expressions above give formal expressions for the metric and H that depend on both
x and x˜, so that there is no interpretation in terms of a conventional d-dimensional spacetime.
3.4 Quotienting by the Discrete Group
The above structure was derived for the doubled group manifold G. In the case of a vanishing
R-tensor, the result is a conventional sigma model on G/G˜. The next step is to consider the
structure for the nilmanifold M = G/Γ′.
A conventional background is obtained from the doubled geometry by gauging X˜m. The
types of string theory background can be classified into three categories [16, 17]:
Type I: Geometric Backgrounds
If the Xm generate a subgroup G˜ ⊂ G and this subgroup is preserved by Γ′, so that
γkγ−1 = k′, (3.27)
where k, k′ ∈ G˜, γ ∈ Γ′, then the quotient space M/G˜ is well-defined and gives a global
description of a conventional geometric background.
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Type II: T-fold Backgrounds
If the Xm generate a subgroup G˜ but this subgroup is not preserved by Γ′, then the quotient
spaceM/G˜ is not well-defined. The conventional background can be recovered locally as a patch
of G/G˜. These patches are then glued together together with T-duality transition functions,
resulting in a T-fold.
Type III: Essentially doubled backgrounds
If the commutators of the X˜m do not close to generate a sub-algebra, then a conventional
d-dimensional background cannot be recovered even locally, as there is dependence on both xi
and x˜i, and the solution is essentially doubled. Such a background is an R-flux background.
4 The Nilfold Example
The doubled formalism was applied to the 3-dimensional nilfold in [16]; here we summarize the
results. For this example, the nilpotent Lie group G is the three-dimensional Heisenberg group
with Lie algebra, generated by Ti with i = x, y, z, given by
[Tx, Tz] = mTy, [Ty, Tz] = 0, [Tx, Ty] = 0, (4.1)
with m an integer. The quotient of G by a cocompact subgroup Γ gives the nilfold N = G/Γ.
Then the corresponding 6-dimensional group G = G ⋉ R3, with generators (Ti, T˜
i), has a Lie
algebra whose only non-zero commutators are
[Tx, Tz] = mTy, [Tx, T˜
y] = mT˜ z, [Tz, T˜
y] = −mT˜ x. (4.2)
The cocompact subgroup Γ′ is given in [16] and consists of integer-valued matrices with respect
to a suitable basis.
4.1 The Nilfold
Choosing the polarisation Θ = 1, the algebra (4.2) written in terms of the projected generators
(3.12) is
[Zx, Zz] = mZy, [Zx, X
y] = mXz, [Zz, X
y] = −mXx. (4.3)
The Xm generate an abelian subgroup G˜, and taking the quotient by G˜ gives the nilfold
N = G/Γ with metric
ds2N = dx
2 + (dy −mxdz)2 + dz2, (4.4)
and H = 0. This can be viewed as a T 2 bundle over S1 where the T 2 has coordinates y, z and
the S1 has coordinate x.
10
4.2 T 3 with H-flux
Choosing the polarisation
Θ =


1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1


,
the algebra written in terms of the projected generators (3.12) is
[Zx, Zz] = mX
y, [Zx, Zy] = mX
z, [Zz, Zy] = −mX
x,
with all other commutators vanishing. The X i generate an abelian subgroup G˜ = R3. Taking
the quotient gives the 3-torus with H-flux given by the integer m. The metric and 3-form flux
H are
ds2T 3 = dx
2 + dy2 + dz2, H = mdx ∧ dy ∧ dz. (4.5)
The 2-form potential B with H = dB can be chosen as
B = mxdy ∧ dz. (4.6)
4.3 T-fold
The polarisation tensor for the T-fold is given by
Θ =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 1 0 0 0


.
The algebra written in terms of the projected generators (3.12) is then
[Zx, X
z] = mZy, [Zx, X
y] = mZz, [X
z, Xy] = −mXx,
where all other commutators vanish. Now Xx, Xy, Xz generate a subgroup G˜ which is isomor-
phic to the Heisenberg group. The T-fold has metric and B-field given by
ds2T−Fold = dx
2 +
1
1 + (mx)2
(dy2 + dz2), B = −
mx
1 + (mx)2
dy ∧ dz, (4.7)
which changes by a T-duality under x → x + 1, and so has a T-duality monodromy in the x
direction.
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4.4 Essentially Doubled Space
In this case, the polarisation Θ is
Θ =


0 0 0 1 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


.
The gauge algebra is now
[Xx, Xz] = −mZy, [X
x, Xy] = −mZz , [X
z, Xy] = mZx, (4.8)
where all other commutators vanish. Comparing with the general form of the Lie algebra (3.13),
we see that the structure constants Rmnp are non-zero and so the space has R-flux. The X i
do not generate a subgroup, so there is no way of relating this to a conventional theory on a
3-dimensional space, even locally, and the solution is essentially doubled.
5 Higher Dimensional Nilmanifolds
In this section, we construct the doubled geometry for each of the nilmanifolds considered in
[6]. Each nilmanifold is a T n bundle over Tm for some n,m.
5.1 S1 bundle over T 4
For this example, the five-dimensional nilpotent Lie group has non-vanishing commutators
[T2, T3] = mT1, [T4, T5] = mT1. (5.1)
The corresponding ten-dimensional doubled group has a Lie algebra whose only non-zero com-
mutators are
[T2, T3] = mT1, [T4, T5] = mT1,
[T˜ 1, T2] = mT˜
3, [T˜ 1, T3] = −mT˜
2,
[T˜ 1, T4] = mT˜
5, [T˜ 1, T5] = −mT˜
4.
(5.2)
The left-invariant one-forms are
P 1 = dz1 +mz3dz2 +mz5dz4, Q1 = dz˜1,
P 2 = dz2, Q2 = dz˜2 −mz
3dz˜1,
P 3 = dz3, Q3 = dz˜3 +mz
2dz˜1,
P 4 = dz4, Q4 = dz˜4 −mz
5dz˜1,
P 5 = dz5, Q5 = dz˜5 +mz
4dz˜1.
(5.3)
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Choosing the polarisation Θ = 1, the algebra (5.2) in polarised form is
[Z2, Z3] = mZ1, [Z4, Z5] = mZ1,
[X1, Z2] = mX
3, [X1, Z3] = −mX
2,
[X1, Z4] = mX
5, [X1, Z5] = −mX
4.
(5.4)
The left-invariant one-forms in this polarization are
P 1 = dz1 +mz3dz2 +mz5dz4, Q1 = dz˜1,
P 2 = dz2, Q2 = dz˜2 −mz
3dz˜1,
P 3 = dz3, Q3 = dz˜3 +mz
2dz˜1,
P 4 = dz4, Q4 = dz˜4 −mz
5dz˜1,
P 5 = dz5, Q5 = dz˜5 +mz
4dz˜1.
(5.5)
Let h =
∏
exp(zmTm) and h˜ =
∏
exp(z˜mT˜
m), then the one-form (3.17) is
Φ = ΦM NT
N = h˜−1dh˜+ dhh−1. (5.6)
In this case, dhh−1 and h˜−1dh˜ are
dhh−1 =
(
dz1 +mz2dz3 +mz4dz5
)
T1 + (dz
2)T2 + (dz
3)T3 + (dz
4)T4 + (dz
5)T5, (5.7)
h˜−1dh˜ = (dz˜1)T˜
1 + (dz˜2)T˜
2 + (dz˜3)T˜
3 + (dz˜4)T˜
4 + (dz˜5)T˜
5. (5.8)
The one-form Φ is given by
Φ1 = dz1 +mz2dz3 +mz4dz5, Φ˜1 = dz˜1,
Φ2 = dz2, Φ˜2 = dz˜2,
Φ3 = dz3, Φ˜3 = dz˜3,
Φ4 = dz4, Φ˜4 = dz˜4,
Φ5 = dz5, Φ˜5 = dz˜5.
(5.9)
From the equation (3.18), one gets
VM N =


1 mz3 −mz2 mz5 −mz4 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 −mz3 1 0 0 0
0 0 0 0 0 mz2 0 1 0 0
0 0 0 0 0 −mz5 0 0 1 0
0 0 0 0 0 mz4 0 0 0 1


, (5.10)
Using this VM N , (3.21) gives the generalized metric HMN . The X
m generate an abelian sub-
group G˜ and taking the quotient by G˜ gives the S1 bundle over T 4 with metric
ds2 =
(
dz1 +m(z3dz2 + z5dz4)
)2
+ (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2. (5.11)
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The H-flux is given in (3.25), which is
H = dB −
1
2
d (rm ∧ q˜m) +
1
2
K. (5.12)
In this case, K and rm ∧ q˜m are
K = mz˜1 ∧ dz
2 ∧ dz3 +mdz˜1 ∧ dz
4 ∧ dz5, (5.13)
rm∧ q˜m =
(
dz1+mz2dz3+mz4dz5
)
∧dz˜1+dz
2∧dz˜2+dz
3∧dz˜3+dz
4∧dz˜4+dz
4∧dz˜4, (5.14)
and d(rm ∧ q˜m) is
d(rm ∧ q˜m) = mz˜1 ∧ dz
2 ∧ dz3 +mdz˜1 ∧ dz
4 ∧ dz5. (5.15)
In this case, H = 0. A similar construction works for the following choices of polarization.
Choosing instead the polarization
Θ =


0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (5.16)
the algebra (5.2) is written in terms of the projected generators as
[Z2, Z3] = mX
1, [Z4, Z5] = mX
1,
[Z1, Z2] = mX
3, [Z1, Z3] = −mX
2,
[Z1, Z4] = mX
5, [Z1, Z5] = −mX
4.
(5.17)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives the 5-torus with
H-flux
ds2 = (dz1)2 + (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2, (5.18)
H = −mdz1 ∧ dz2 ∧ dz3 −mdz1 ∧ dz4 ∧ dz5 (5.19)
Choosing the polarization
Θ =


1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1


, (5.20)
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the algebra (5.2) is
[X2, Z3] = mZ1, [X
4, Z5] = mZ1,
[X1, X2] = mX3, [X1, Z3] = −mZ2,
[X1, X4] = mX5, [X1, Z5] = −mZ4.
(5.21)
The Xm generate a subgroup G˜. Taking the quotient gives the T-fold with the metric and
B-field
ds2 =
1
1 +m2
[
(z3)2 + (z5)2
]((dz1)2 + (dz2)2 + (dz4)2)
+
1
1 +m2
[
(z3)2 + (z5)2
](mz5dz2 −mz3dz4)2 + (dz3)2 + (dz5)2, (5.22)
B =
m
1 +m2
[
(z3)2 + (z5)2
](z3dz1 ∧ dz2 + z5dz1 ∧ dz4). (5.23)
5.2 T 2 bundle over T 3
For this example, the five-dimensional nilpotent Lie group has non-vanishing commutators
[T3, T4] = mT1, [T3, T5] = mT2. (5.24)
The corresponding ten-dimensional group has a Lie algebra whose only non-zero commutators
are
[T3, T4] = mT1, [T3, T5] = mT2,
[T˜ 1, T3] = mT˜
4, [T˜ 1, T4] = −mT˜
3,
[T˜ 2, T3] = mT˜
5, [T˜ 2, T5] = −mT˜
3.
(5.25)
The left-invariant one-forms are
P 1 = dz1 +mz4dz3, Q1 = dz˜1,
P 2 = dz2 +mz5dz3, Q2 = dz˜2,
P 3 = dz3, Q3 = dz˜3 +mz
4dz˜1 −mz
5dz˜2,
P 4 = dz4, Q4 = dz˜4 +mz
3dz˜1,
P 5 = dz5, Q5 = dz˜5 +mz
3dz˜2.
(5.26)
Choosing the polarisation Θ = 1, the algebra (5.25) is
[Z3, Z4] = mZ1, [Z3, Z5] = mZ2,
[X1, Z3] = mX
4, [X1, Z4] = −mX
3,
[X2, Z3] = mX
5, [X2, Z5] = −mX
3.
(5.27)
The Xm generate an abelian subgroup G˜ and taking the quotient by G˜ gives the T 2 bundle
over T 3 with metric
ds2 =
(
dz1 +mz4dz3
)2
+
(
dz2 +mz5dz3
)2
+ (dz3)2 + (dz4)2 + (dz5)2. (5.28)
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Choosing the polarization
Θ =


0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (5.29)
the algebra (5.25) is
[Z3, Z4] = mX
1, [Z3, Z5] = mZ2,
[Z1, Z3] = mX
4, [Z1, Z4] = −mX
3,
[X2, Z3] = mX
5, [X2, Z5] = −mX
3.
(5.30)
The Xm generate an abelian subgroup G˜. Taking the quotient gives the S1 bundle over T 4
with H-flux.
ds2 = (dz1)2 +
(
dz2 +mz5dz3
)2
+ (dz3)2 + (dz4)2 + (dz5)2, (5.31)
H = −mdz1 ∧ dz3 ∧ dz4. (5.32)
For the polarization
Θ =


0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (5.33)
the algebra (5.25) is
[Z3, Z4] = mX
1, [Z3, Z5] = mX
2,
[Z1, Z3] = mX
4, [Z1, Z4] = −mX
3,
[Z2, Z3] = mX
5, [Z2, Z5] = −mX
3.
(5.34)
The Xm generate an abelian subgroup G˜. Taking the quotient gives the T 5 with H-flux.
ds2 = (dz1)2 + (dz2)2 + (dz3)3 + (dz4)2 + (dz5)2, (5.35)
H = −mdz1 ∧ dz3 ∧ dz4 −mdz2 ∧ dz3 ∧ dz5. (5.36)
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Choosing the polarization
Θ =


1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


, (5.37)
the algebra (5.25) is
[X3, Z4] = mZ1, [X
3, Z5] = mZ2,
[X1, X3] = mX4, [X1, Z4] = −mZ3,
[X2, X3] = mX5, [X2, Z5] = −mZ3.
(5.38)
The Xm generate a subgroup G˜. Taking the quotient gives the T-fold with the metric and
B-field
ds2 =
1
1 +m2
[
(z4)2 + (z5)2
][(dz1)2 + (dz2)2 + (dz3)2]+ 1
1 +m2
[
(z4)2 + (z5)2
](z5dz1 − z4dz2)2
+(dz4)2 + (dz5)2, (5.39)
B =
m
1 +m2
[
(z4)2 + (z5)2
](z4dz1 ∧ dz3 + z5dz2 ∧ dz3). (5.40)
5.3 T 2 bundle over T 4
Consider the six-dimensional nilpotent Lie algebra whose only non-vanishing commutators are
[T3, T4] = mT1, [T3, T5] = mT2,
[T5, T6] = mT1, [T4, T6] = −mT2.
(5.41)
The corresponding twelve-dimensional group has a Lie algebra whose only non-zero commuta-
tors are
[T3, T4] = mT1, [T3, T5] = mT2,
[T5, T6] = mT1, [T4, T6] = −mT2,
[T˜ 1, T3] = mT˜
4, [T˜ 1, T4] = −mT˜
3,
[T˜ 1, T5] = mT˜
6, [T˜ 1, T6] = −mT˜
5,
[T˜ 2, T3] = mT˜
5, [T˜ 2, T5] = −mT˜
3,
[T˜ 2, T6] = mT˜
4, [T˜ 2, T4] = −mT˜
6.
(5.42)
17
The left-invariant one-forms are
P 1 = dz1 +mz4dz3 +mz6dz5, Q1 = dz˜1,
P 2 = dz2 +mz5dz3 −mz6dz4, Q2 = dz˜2,
P 3 = dz3, Q3 = dz˜3 −mz
4dz˜1 −mz
5dz˜2,
P 4 = dz4, Q4 = dz˜4 +mz
3dz˜1 +mz
6dz˜2,
P 5 = dz5, Q5 = dz˜5 −mz
6dz˜1 +mz
3dz˜2,
P 6 = dz6, Q6 = dz˜6 +mz
6dz˜1 −mz
4dz˜2.
(5.43)
Choosing the polarisation Θ = 1, the algebra (5.42) is
[Z3, Z4] = mZ1, [Z3, Z5] = mZ2,
[Z5, Z6] = mZ1, [Z4, Z6] = −mZ2,
[X1, Z3] = mX
4, [X1, Z4] = −mX
3,
[X1, Z5] = mX
6, [X1, Z6] = −mX
5,
[X2, Z3] = mX
5, [X2, Z5] = −mX
3,
[X2, Z6] = mX
4, [X2, Z4] = −mX
6.
(5.44)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives the metric
ds2 =
(
dz1+m(z4dz3+z6dz5)
)2
+
(
dz2+m(z5dz3−z6dz4)
)2
+(dz3)2+(dz4)2+(dz5)2+(dz6)2.
(5.45)
Choosing the polarization
Θ =


0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1


, (5.46)
the algebra (5.42) is
[Z3, Z4] = mX
1, [Z3, Z5] = mX
2,
[Z5, Z6] = mX
1, [Z4, Z6] = −mX
2,
[Z1, Z3] = mX
4, [Z1, Z4] = −mX
3,
[Z1, Z5] = mX
6, [Z1, Z6] = −mX
5,
[Z2, Z3] = mX
5, [Z2, Z5] = −mX
3,
[Z2, Z6] = mX
4, [Z2, Z4] = −mX
6.
(5.47)
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The Xm generate an abelian subgroup G˜. Taking the quotient gives the T 6 with H-flux.
ds2 = (dz1)2 + (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2 + (dz6)2, (5.48)
and H-flux
H = −mdz1 ∧ dz3 ∧ dz4 −mdz1 ∧ dz5 ∧ dz6
−mdz2 ∧ dz3 ∧ dz5 +mdz2 ∧ dz4 ∧ dz6. (5.49)
For the polarization
Θ =


1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1


, (5.50)
the algebra (5.42) is
[X3, Z4] = mZ1, [X
3, Z5] = mZ2,
[Z5, Z6] = mZ1, [Z4, Z6] = −mZ2,
[X1, X3] = mX4, [X1, Z4] = −mZ3,
[X1, Z5] = mX
6, [X1, Z6] = −mX
5,
[X2, X3] = mX5, [X2, Z5] = −mZ3,
[X2, Z6] = mX
4, [X2, Z4] = −mX
6.
(5.51)
The Xm generate a subgroup G˜. Taking the quotient gives a T-fold with metric and B-field
given by (A.1) and (A.2).
5.4 T 3 bundle over T 3
Consider the six-dimensional nilpotent Lie algebra whose only non-vanishing commutators are
[T5, T6] = mT1, [T4, T6] = −mT2,
[T4, T5] = mT3.
(5.52)
The corresponding twelve-dimensional group has a Lie algebra whose only non-zero commuta-
tors are
[T5, T6] = mT1, [T4, T6] = −mT2,
[T4, T5] = mT3, [T˜
1, T5] = mT˜
6,
[T˜ 2, T6] = mT˜
4, [T˜ 2, T4] = −mT˜
6,
[T˜ 3, T4] = mT˜
5, [T˜ 1, T6] = −mT˜
5,
[T˜ 3, T5] = −mT˜
4.
(5.53)
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The left-invariant one-forms are
P 1 = dz1 +mz6dz5, Q1 = dz˜1,
P 2 = dz2 −mz6dz4, Q2 = dz˜2,
P 3 = dz3 +mz5dz4, Q3 = dz˜3,
P 4 = dz4, Q4 = dz˜4 +mz
6dz˜2 +mz
5dz˜3,
P 5 = dz5, Q5 = dz˜5 −mz
6dz˜1 +mz
4dz˜3,
P 6 = dz6, Q6 = dz˜6 +mz
5dz˜1 −mz
4dz˜2.
(5.54)
Choosing the polarisation Θ = 1, the algebra (5.53) is
[Z5, Z6] = mZ1, [Z4, Z6] = −mZ2,
[Z4, Z5] = mZ3, [X
1, Z5] = mX
6,
[X2, Z6] = mX
4, [X2, Z4] = −mX
6,
[X3, Z4] = mX
5, [X1, Z6] = −mX
5,
[X3, Z5] = −mX
4.
(5.55)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives the metric
ds2 =
(
dz1+mz6dz5
)2
+
(
dz2−m2z6dz4
)2
+
(
dz3+mz5dz4
)2
+(dz4)2+(dz5)2+(dz6)2. (5.56)
Choosing the polarization
Θ =


0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1


, (5.57)
the algebra (5.53) is
[Z5, Z6] = mX
1, [Z4, Z6] = −mX
2,
[Z4, Z5] = mX
3, [Z1, Z5] = mX
6,
[Z2, Z6] = mX
4, [Z2, Z4] = −mX
6,
[Z3, Z4] = mX
5, [Z1, Z6] = −mX
5,
[Z3, Z5] = −mX
4.
(5.58)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives a T 6 with H-flux
ds2 = (dz1)2 + (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2 + (dz6)2, (5.59)
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H = −mdz1 ∧ dz5 ∧ dz6 −mdz3 ∧ dz4 ∧ dz5 +mdz2 ∧ dz4 ∧ dz6. (5.60)
Choosing the polarization
Θ =


1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1


, (5.61)
the algebra (5.53) is
[Z5, Z6] = mZ1, [X
4, Z6] = −mZ2,
[X4, Z5] = mZ3, [X
1, Z5] = mX
6,
[X2, Z6] = mZ4, [X
2, X4] = −mX6,
[X3, X4] = mX5, [X1, Z6] = −mX
5,
[X3, Z5] = −mZ4.
(5.62)
The Xm generate a subgroup G˜. Taking the quotient by G˜ gives a T-fold with metric and
B-field given by
ds2 = (dz1 +mz6dz5)2 +
1
1 +m2
[
(z5)2 + (z6)2
][(dz)2 + (dz3)2 + (dz4)2]
+
1
1 +m2
[
(z5)2 + (z6)2
](mz5dz2 +mz6dz3)2 + (dz5)2 + (dz6)2, (5.63)
B =
m
1 +m2
[
(z5)2 + (z6)2
](z5dz3 ∧ dz4 − z6dz2 ∧ dz4). (5.64)
5.5 T 3 bundle over T 4
Consider the seven-dimensional nilpotent Lie algebra whose only non-vanishing commutators
are
[T4, T5] = mT1, [T6, T7] = mT1,
[T4, T6] = mT2, [T5, T7] = −mT2.
[T4, T7] = mT3, [T5, T6] = mT3.
(5.65)
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The corresponding fourteen-dimensional group has a Lie algebra whose only non-zero commu-
tators are
[T4, T5] = mT1, [T6, T7] = mT1,
[T4, T6] = mT2, [T5, T7] = −mT2.
[T4, T7] = mT3, [T5, T6] = mT3,
[T˜ 1, T4] = mT˜
5, [T˜ 1, T5] = −mT˜
4,
[T˜ 1, T6] = mT˜
7, [T˜ 1, T7] = −mT˜
6,
[T˜ 2, T4] = mT˜
6, [T˜ 2, T6] = −mT˜
4,
[T˜ 2, T7] = mT˜
5, [T˜ 2, T5] = −mT˜
7,
[T˜ 3, T4] = mT˜
7, [T˜ 3, T7] = −mT˜
4,
[T˜ 3, T5] = mT˜
6, [T˜ 3, T6] = −mT˜
5.
(5.66)
The left-invariant one-forms are
P 1 = dz1 +mz5dz4 +mz7dz6, Q1 = dz˜1,
P 2 = dz2 +mz6dz4 −mz7dz5, Q2 = dz˜2,
P 3 = dz3 +mz7dz4 +mz6dz5, Q3 = dz˜3,
P 4 = dz4, Q4 = dz˜4 −mz
5dz˜1 −mz
6dz˜2 +mz
4dz˜3,
P 5 = dz5, Q5 = dz˜5 +mz
4dz˜1 +mz
7dz˜2 −mz
6dz˜3,
P 6 = dz6, Q6 = dz˜6 −mz
7dz˜1 +mz
4dz˜2 +mz
5dz˜3,
P 7 = dz7, Q7 = dz˜7 +mz
6dz˜1 −mz
5dz˜2 +mz
4dz˜3.
(5.67)
Choosing the polarisation Θ = 1, the algebra (5.66) is
[Z4, Z5] = mZ1, [Z6, Z7] = mZ1,
[Z4, Z6] = mZ2, [Z5, Z7] = −mZ2.
[Z4, Z7] = mZ3, [Z5, Z6] = mZ3,
[X1, Z4] = mX
5, [X1, Z5] = −mX
4,
[X1, Z6] = mX
7, [X1, Z7] = −mX
6,
[X2, Z4] = mX
6, [X2, Z6] = −mX
4,
[X2, Z7] = mX
5, [X2, Z5] = −mX
7,
[X3, Z4] = mX
7, [X3, Z7] = −mX
4,
[X3, Z5] = mX
6, [X3, T6] = −mX
5.
(5.68)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives the metric
ds2 =
(
dz1 +m(z5dz4 + z7dz6)
)2
+
(
dz2 +m(z6dz4 − z7dz5)
)2
+
(
dz3 +m(z7dz4 + z6dz5)
)2
+(dz4)2 + (dz5)2 + (dz6)2 + (dz7)2. (5.69)
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Choosing the polarization
Θ =


0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1


, (5.70)
the algebra (5.66) is
[Z4, Z5] = mX
1, [Z6, Z7] = mX
1,
[Z4, Z6] = mX
2, [Z5, Z7] = −mX
2.
[Z4, Z7] = mX
3, [Z5, Z6] = mX
3,
[Z1, Z4] = mX
5, [Z1, Z5] = −mX
4,
[Z1, Z6] = mX
7, [Z1, Z7] = −mX
6,
[Z2, Z4] = mX
6, [Z2, Z6] = −mX
4,
[Z2, Z7] = mX
5, [Z2, Z5] = −mX
7,
[Z3, Z4] = mX
7, [Z3, Z7] = −mX
4,
[Z3, Z5] = mX
6, [Z3, T6] = −mX
5.
(5.71)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives the T 7 with H-flux.
ds2 = (dz1)2 + (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2 + (dz6)2 + (dz7)2, (5.72)
H = = −mdz1 ∧ dz4 ∧ dz5 −mdz1 ∧ dz6 ∧ dz7 −mdz2 ∧ dz4 ∧ dz6
−mdz3 ∧ dz4 ∧ dz7 −mdz3 ∧ dz5 ∧ dz6 +mdz2 ∧ dz5 ∧ dz7. (5.73)
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Choosing the polarization
Θ =


1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1


, (5.74)
the algebra (5.66) is
[X4, Z5] = mZ1, [Z6, Z7] = mZ1,
[X4, Z6] = mZ2, [Z5, Z7] = −mZ2.
[X4, Z7] = mZ3, [Z5, Z6] = −mZ3,
[X1, X4] = mX5, [X1, Z5] = −mZ4,
[X1, Z6] = mX
7, [X1, Z7] = −mX
6,
[X2, X4] = mX6, [X2, Z6] = −mZ4,
[X2, Z7] = mX
5, [X2, Z5] = −mX
7,
[X3, X4] = mX7, [X3, Z7] = −mZ4,
[X3, Z5] = mX
6, [X3, T6] = −mX
5,
(5.75)
The Xm generate a subgroup G˜. Taking the quotient gives the T-fold with the metric and
B-field given by(A.5), (A.6).
5.6 S1 bundle over T 6
Consider the seven-dimensional nilpotent Lie algebra whose only non-vanishing commutators
are
[T2, T3] = mT1, [T4, T5] = mT1,
[T6, T7] = mT1.
(5.76)
The corresponding fourteen-dimensional group has a Lie algebra whose only non-zero commu-
tators are
[T2, T3] = mT1, [T4, T5] = mT1,
[T6, T7] = mT1. [T˜
1, T3] = −mT˜
2,
[T˜ 1, T2] = mT˜
3, [T˜ 1, T5] = −mT˜
4,
[T˜ 1, T4] = mT˜
5, [T˜ 1, T7] = −mT˜
6,
[T˜ 1, T6] = mT˜
7.
(5.77)
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The left-invariant one-forms are
P 1 = dz1 +mz3dz2 +mz5dz4 +mz7dz6, Q1 = dz˜1,
P 2 = dz2, Q2 = dz˜2 −mz
3dz˜1,
P 3 = dz3, Q3 = dz˜3 +mz
2dz˜1,
P 4 = dz4, Q4 = dz˜4 −mz
5dz˜1,
P 5 = dz5, Q5 = dz˜5 +mz
4dz˜1,
P 6 = dz6, Q6 = dz˜6 −mz
7dz˜1,
P 7 = dz7, Q7 = dz˜7 +mz
6dz˜1.
(5.78)
Choosing the polarisation Θ = 1, the algebra (5.77) is
[Z2, Z3] = mZ1, [Z4, Z5] = mZ1,
[Z6, Z7] = mZ1. [X
1, Z3] = −mX
2,
[X1, Z2] = mX
3, [X1, Z5] = −mX
4,
[X1, Z4] = mX
5, [X1, Z7] = −mX
6,
[X1, Z6] = mX
7.
(5.79)
The Xm generate an abelian subgroup G˜. Taking the quotient by G˜ gives the metric
ds2 =
(
dz1+m(z3dz2+z5dz4+z7dz6)
)2
+(dz2)2+(dz3)2+(dz4)2+(dz5)2+(dz6)2+(dz7)2. (5.80)
Choosing the polarization
Θ =


0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1


, (5.81)
the algebra (5.77) is
[Z2, Z3] = mX
1, [Z4, Z5] = mX
1,
[Z6, Z7] = mX
1. [Z1, Z3] = −mX
2,
[Z1, Z2] = mX
3, [Z1, Z5] = −mX
4,
[Z1, Z4] = mX
5, [Z1, Z7] = −mX
6,
[Z1, Z6] = mX
7.
(5.82)
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The Xm generate an abelian subgroup G˜. Taking the quotient gives the T 7 with H-flux.
ds2 = (dz1)2 + (dz2)2 + (dz3)2 + (dz4)2 + (dz5)2 + (dz6)2 + (dz7)2, (5.83)
H = −mdz1 ∧ dz2 ∧ dz3 −mdz1 ∧ dz4 ∧ dz5 −mdz1 ∧ dz6 ∧ dz7. (5.84)
Choosing the polarization
Θ =


1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1


, (5.85)
the algebra (5.77) is
[X2, Z3] = mZ1, [X
4, Z5] = mZ1,
[X6, Z7] = mZ1. [X
1, Z3] = −mZ2,
[X1, X2] = mX3, [X1, Z5] = −mZ4,
[X1, X4] = mX5, [X1, Z7] = −mZ6,
[X1, X6] = mX7.
(5.86)
The Xm generate a subgroup G˜. Taking the quotient gives the T-fold with the metric and
B-field given by
ds2 =
1
1 +m2
[
(z3)2 + (z5)2 + (z7)2
][(dz1)2 + (dz2)2 + (dz4)2 + (dz6)2]
+(dz3)2 + (dz5)2 + (dz7)2 +
1
1 +m2
[
(z3)2 + (z5)2 + (z7)2
](mz5dz2 −mz3dz4)2
+
1
1 +m2
[
(z3)2 + (z5)2 + (z7)2
](mz7dz2 −mz3dz6)2
+
1
1 +m2
[
(z3)2 + (z5)2 + (z7)2
](mz7dz4 −mz5dz6)2, (5.87)
B =
m
1 +m2
[
(z3)2 + (z5)2 + (z7)2
](z3dz1 ∧ dz2 + z5dz1 ∧ dz4 + z7dz1 ∧ dz6). (5.88)
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6 Nilmanifolds Fibred over a Line.
6.1 The Doubled Sigma model for Nilmanifolds Fibred over a Line
In the previous section, the doubled geometries of various nilmanifolds were constructed. In
this section, we will construct the doubled geometries of the corresponding special holonomy
spaces. The special holonomy solutions are of the form N × R, where N is the nilmanifold.
The doubled formulation of this space is constructed by doubling d-dimensional nilmanifold N
to the 2d-dimensional nilmanifold M. That is, the space N × R is extended to M× R.
Consider the non-linear sigma model for the special holonomy space N × R
SN×R =
1
2
∮
Σ
(
V p(τ)dτ ∧ ∗dτ + xmn(τ)P
m ∧ ∗P n
)
, (6.1)
where V (τ) is a piecewise linear function on the line with coordinate τ , p is an integer depending
on the choice of nilmanifold, xmn is a symmetric matrix whose non-zero entries are powers of
V (τ), and Pm are the left-invariant one-forms on N . This action can be generalized to the
non-linear sigma model of M× R, which is given by
SM×R =
1
2
∮
Σ
V p(τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
S
K, (6.2)
where MMN(τ) is a symmetric matrix whose non-zero entries are powers of V (τ), Pˆ
M is the
pull-back to Σ of the left-invariant one-forms onM to Σ, and K is the 3-form onM pulled back
to S defined in (3.5). This non-linear sigma model contains all the T-duals of the nilmanifold
N . Different T-dual backgrounds are selected by choosing different polarizations as in section
5.
In the next subsection, we discuss the example of the 3-dimensional nilfold in some detail.
Then in the following subsection, we give the models for the other nilmanifolds; the details of
these are similar to those of the 3-dimensional nilfold.
6.2 Example: 3-dimensional Nilmanifold
The doubled space for the 3-dimensional nilmanifold N is given by a 6-dimensional nilmanifold
M. The non-vanishing commutation relations are
[Tx, Tz] = mTy, [Tx, T˜
y] = mXz, [Tz, T˜
y] = −mXx. (6.3)
The left-invariant one-forms on this space are
P x = dx, P y = dy −mxdz, P z = dz,
Qx = dx˜−mzdy˜, Qy = dy˜, Qz = dz˜ +mxdy˜.
(6.4)
In this case, the doubled non-linear sigma model on M× R is
SM×R =
1
2
∮
Σ
V (τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
S
K, (6.5)
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where MMN(τ) is given by
MMN(τ) =


V (τ) 0 0 0 0 0
0 1/V (τ) 0 0 0 0
0 0 V (τ) 0 0 0
0 0 0 1/V (τ) 0 0
0 0 0 0 V (τ) 0
0 0 0 0 0 1/V (τ)


. (6.6)
To obtain a nilfold bundle over a line, the polarization is chosen as Θ = 1. In this case, the
generalised metric (3.21), which is the second term in (6.5), is given by
H =
1
2
MMN(τ)P
M ⊗ PN =
1
2
HMN (τ, x
m)ΦM ⊗ ΦN . (6.7)
With this polarization tensor, we define HMˆNˆ(τ, x
m) as in (3.22). Its components can be used
to define gmn and Bmn as in (3.23). The metric (3.24) and the H-flux (3.25) obtained in tis
way are
ds23 = V (τ)
(
dx2 + dz2
)
+
1
V (τ)
(dy −mxdz)2, (6.8)
H = 0. (6.9)
This results in the metric
ds2 = V (τ)
(
(dτ)2 + (dx)2 + (dz)2
)
+
1
V (τ)
(dy −mxdz)2. (6.10)
To obtain a T 3 with H-flux, the polarization tensor is chosen as
Θ =


1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1


.
In this polarization, the matrix of scalar moduli is given by
MMN(τ) =


V (τ) 0 0 0 0 0
0 V (τ) 0 0 0 0
0 0 V (τ) 0 0 0
0 0 0 1/V (τ) 0 0
0 0 0 0 1/V (τ) 0
0 0 0 0 0 1/V (τ)


(6.11)
and the left-invariant one-forms are
P x = dx, P y = dy, P z = dz,
Qx = dx˜−mzdy, Qy = dy˜ −mxdz, Qz = dz˜ +mxdy.
(6.12)
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With this polarization tensor, we define HMˆNˆ(τ, x
m) by(3.22). Its components can be used to
define gmn and Bmn as in (3.23). The resulting metric (3.24) and the H-flux (3.25) are
ds23 = V (τ)
(
dx2 + dy2 + dz2
)
(6.13)
H = mdx ∧ dy ∧ dz. (6.14)
This results in the metric and three-form
ds2 = V (τ)
(
(dτ)2 + (dx)2 + (dy)2 + (dz)2
)
, (6.15)
H = mdx ∧ dy ∧ dz. (6.16)
To obtain the T-fold background, the polarization is chosen as
Θ =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 1 0 0 0


.
In this polarization,
MMN(τ) =


V (τ) 0 0 0 0 0
0 1/V (τ) 0 0 0 0
0 0 1/V (τ) 0 0 0
0 0 0 1/V (τ) 0 0
0 0 0 0 V (τ) 0
0 0 0 0 0 V (τ)


. (6.17)
and the left-invariant one-forms are
P x = dx, P y = dy −mxdz˜, P z = dz +mxdy˜,
Qx = dx˜−mz˜dy˜, Qy = dy˜, Qz = dz˜.
(6.18)
We then define HMˆNˆ(τ, x
m) as in (3.22). Its components can be used to define gmn and Bmn as
in (3.23). This gives the metric (3.24) and the B-field from the H-flux (3.25) can be obtained
ds2 = V (τ)
(
(dτ)2 + (dx)2
)
+
V (τ)
V 2(τ) + (mx)2
(
(dy)2 + (dz)2
)
, (6.19)
B =
−mx
V 2(τ) + (mx)2
dy ∧ dz. (6.20)
Choosing the polarization (4.4) gives the R-flux background. In this case, no local 4-
dimensional field configuration can be extracted from the 7-dimensional doubled space. This
construction can be generalized to the higher dimensional nilmanifolds.
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6.3 The Special Holonomy Nilmaonifolds Fibred over a Line
6.3.1 S1 bundle over T 4 and T 2 bundle over T 3
The doubled Lie algebras (5.2) and (5.25) are isomorphic. This means that they define the
same doubled space, and reflects the fact that the two corresponding undoubled nilmanifolds
are T-dual.
The doubled geometry ofM is given in subsection 5.1. The doubled non-linear sigma model
on M× R is
SM×R =
1
2
∮
Σ
V 2(τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
V
K (6.21)
where MMN(τ), in the basis given in section 5.1, is given by
MMN(τ) =


V −2 0 0 0 0 0 0 0 0 0
0 V 0 0 0 0 0 0 0 0
0 0 V 0 0 0 0 0 0 0
0 0 0 V 0 0 0 0 0 0
0 0 0 0 V 0 0 0 0 0
0 0 0 0 0 V 2 0 0 0 0
0 0 0 0 0 0 V −1 0 0 0
0 0 0 0 0 0 0 V −1 0 0
0 0 0 0 0 0 0 0 V −1 0
0 0 0 0 0 0 0 0 0 V −1


. (6.22)
To obtain a 5-dimensional nilmanifold bundle over a line, the polarization is chosen as Θ = 1.
With this polarization tensor, we define HMˆNˆ(τ, x
m) as in (3.22). Its components give gmn and
Bmn through (3.23), resulting in
g =
1
V 2
(
dz1 +mz3dz2 +mz5dz4
)2
+ V
(
(dz2)2 + (dz3)2 + (dz4)2 + (dz5)2
)
(6.23)
B = 0. (6.24)
Then
H = dB −
1
2
d(rm ∧ qm) +
1
2
K, (6.25)
where
d(rm ∧ qm) = mdz˜1 ∧ dz
2 ∧ dz3 +mdz˜1 ∧ dz
4 ∧ dz5, (6.26)
K = mdz˜1 ∧ dz
2 ∧ dz3 +mdz˜1 ∧ dz
4 ∧ dz5 (6.27)
gives H = 0.
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To obtain a T 5 with H-flux, the polarization is chosen as
Θ =


0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1


. (6.28)
The metric and H-flux are then given by
g = V 2(dz1)2 + V
(
(dz2)2 + (dz3)2 + (dz4)2 + (dz5)2
)
(6.29)
H = −mdz1 ∧ dz2 ∧ dz3 −mdz1 ∧ dz2 ∧ dz5. (6.30)
To obtain a T 2 bundle over T 3, the polarization is chosen as
Θ =


0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1


. (6.31)
In this polarization, the MMN are given by
MMN(τ) =


V 2 0 0 0 0 0 0 0 0 0
0 V −1 0 0 0 0 0 0 0 0
0 0 V −1 0 0 0 0 0 0 0
0 0 0 V 0 0 0 0 0 0
0 0 0 0 V 0 0 0 0 0
0 0 0 0 0 V −2 0 0 0 0
0 0 0 0 0 0 V 0 0 0
0 0 0 0 0 0 0 V 0 0
0 0 0 0 0 0 0 0 V −1 0
0 0 0 0 0 0 0 0 0 V −1


. (6.32)
In this polarization, the metric and H-flux are given by
g = V 2(dz1)2 + V
(
(dz3)2 + (dz5)2
)
+
1
V
(
(dz2 −mz3dz1)2 + (dz4 −mz5dz1)2
)
(6.33)
31
6.3.2 T 2 bundle over T 4
The doubled geometry of M is given in subsection 5.3. The doubled non-linear sigma model
on M× R is then
SM×R =
1
2
∮
Σ
V 4(τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
V
K (6.34)
where MMN(τ) is given by
MMN(τ) =


V −2 0 0 0 0 0 0 0 0 0 0 0
0 V −2 0 0 0 0 0 0 0 0 0 0
0 0 V 2 0 0 0 0 0 0 0 0 0
0 0 0 V 2 0 0 0 0 0 0 0 0
0 0 0 0 V 2 0 0 0 0 0 0 0
0 0 0 0 0 V 2 0 0 0 0 0 0
0 0 0 0 0 0 V 2 0 0 0 0 0
0 0 0 0 0 0 0 V 2 0 0 0 0
0 0 0 0 0 0 0 0 V −2 0 0 0
0 0 0 0 0 0 0 0 0 V −2 0 0
0 0 0 0 0 0 0 0 0 0 V −2 0
0 0 0 0 0 0 0 0 0 0 0 V −2


. (6.35)
6.3.3 T 3 bundle over T 3
The doubled geometry of M is given in subsection 5.4. The doubled non-linear sigma model
on M× R is
SM×R =
1
2
∮
Σ
V 3(τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
V
K (6.36)
where MMN(τ) is given by
MMN(τ) =


V −1 0 0 0 0 0 0 0 0 0 0 0
0 V −1 0 0 0 0 0 0 0 0 0 0
0 0 V −1 0 0 0 0 0 0 0 0 0
0 0 0 V 2 0 0 0 0 0 0 0 0
0 0 0 0 V 2 0 0 0 0 0 0 0
0 0 0 0 0 V 2 0 0 0 0 0 0
0 0 0 0 0 0 V 0 0 0 0 0
0 0 0 0 0 0 0 V 0 0 0 0
0 0 0 0 0 0 0 0 V 0 0 0
0 0 0 0 0 0 0 0 0 V −2 0 0
0 0 0 0 0 0 0 0 0 0 V −2 0
0 0 0 0 0 0 0 0 0 0 0 V −2


. (6.37)
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6.3.4 T 3 bundle over T 4
The doubled geometry of M is given in subsection 5.5. The doubled non-linear sigma model
on M× R is
SM×R =
1
2
∮
Σ
V 6(τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
V
K (6.38)
where MMN(τ) is given by
MMN(τ) =


V −2 0 0 0 0 0 0 0 0 0 0 0 0 0
0 V −2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 V −2 0 0 0 0 0 0 0 0 0 0 0
0 0 0 V 3 0 0 0 0 0 0 0 0 0 0
0 0 0 0 V 3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 V 3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 V 3 0 0 0 0 0 0 0
0 0 0 0 0 0 0 V 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 V 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 V 2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 V −3 0 0 0
0 0 0 0 0 0 0 0 0 0 0 V −3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 V −3 0
0 0 0 0 0 0 0 0 0 0 0 0 0 V −3


.
(6.39)
6.3.5 S1 bundle over T 6
The doubled geometry of M is given in subsection 5.6. The doubled non-linear sigma model
on M× R is
SM×R =
1
2
∮
Σ
V 3(τ)dτ ∧ ∗dτ +
1
4
∮
Σ
MMN(τ)Pˆ
M ∧ ∗PˆN +
1
2
∫
V
K (6.40)
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where MMN(τ) is given by
MMN(τ) =


V −3 0 0 0 0 0 0 0 0 0 0 0 0 0
0 V 0 0 0 0 0 0 0 0 0 0 0 0
0 0 V 0 0 0 0 0 0 0 0 0 0 0
0 0 0 V 0 0 0 0 0 0 0 0 0 0
0 0 0 0 V 0 0 0 0 0 0 0 0 0
0 0 0 0 0 V 0 0 0 0 0 0 0 0
0 0 0 0 0 0 V 0 0 0 0 0 0 0
0 0 0 0 0 0 0 V 3 0 0 0 0 0 0
0 0 0 0 0 0 0 0 V −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 V −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 V −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 V −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 V −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 V −1


.
(6.41)
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A Appendix: T-fold solutions
The metric and B-field of the T-fold which is T-dual to the T 2 bundle over T 4 fibred over a
line is given by T-dualising the metric in the z3 direction. This results in:
g =


A5 −C 0 mz
6C mz6A5 0
−C A4 0 −mz
6A4 −mz
6C 0
0 0 1
f
0 0 0
mz6C −mz6A4 0 m
2 (z6)
2
−D5 + 1 m
2(z6)2C 0
mz6A5 −mz
6C 0 m2(z6)2C m2 (z6)
2
−D4 + 1 0
0 0 0 0 0 1


, (A.1)
B =


0 0 mz
4
f
0 0 0
0 0 mz
5
f
0 0 0
−mz
4
f
−mz
5
f
0 m
2 z5 z6
f
−m
2 z4 z6
f
0
0 0 −m
2 z5 z6
f
0 0 0
0 0 m
2 z4 z6
f
0 0 0
0 0 0 0 0 0


, (A.2)
where
f = 1 +m2 (z4)
2
+m2 (z5)
2
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and
A5 =
m2 (z5)
2
+ 1
f
, A4 =
m2 (z4)
2
+ 1
f
, C =
m2 z4 z5
f
(A.3)
D5 =
m4 (z5)
2
(z6)
2
f
, D4 =
m4 (z4)
2
(z6)
2
f
(A.4)
The metric and B-field of the T-fold which is T-dual to the T 3 bundle over T 4 fibred over
a line is given by T-dualising the metric in the z4 direction. This results in:
g =


A5 −C56 −C57 0 0 mz
7 −D557 0
−C56 A6 −C67 0 −mz
7 −D567 0
−C57 −C67 A7 0 mz
6 −D577 0
0 0 0 1
f
0 0 0
0 −mz7 mz6 0 m2 (z6)
2
+m2 (z7)
2
+ 1 0 0
mz7 −D557 −D567 −D577 0 0 m
2 (z7)
2
−
m4 (z5)
2
(z7)
2
f
+ 1 0
0 0 0 0 0 0 1


,
(A.5)
B =


0 0 0 mz
5
f
0 0 0
0 0 0 mz
6
f
0 0 0
0 0 0 mz
7
f
0 0 0
−mz
5
f
−mz
6
f
−mz
7
f
0 0 −m
2 z5 z7
f
0
0 0 0 0 0 0 0
0 0 0 m
2 z5 z7
f
0 0 0
0 0 0 0 0 0 0


, (A.6)
where
f = 1 +m2 (z5)
2
+m2 (z6)
2
+m2 (z7)
2
,
A5 = 1−
m2 (z5)
2
f
, A6 = 1−
m2 (z6)
2
f
, A7 = 1−
m2 (z7)
2
f
,
C56 =
m2 z5 z6
f
, C57 =
m2 z5 z7
f
, C67 =
m2 z6 z7
f
,
D557 =
m3 (z5)
2
z7
f
,D567 =
m3 z5 z6 z7
f
,D577 =
m3 (z5) (z7)
2
f
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